We experimentally demonstrate mutual synchronization of two free-running nanomechanical oscillators separated by an effective distance of 30 meters and coupled through light. Due to the finite speed of light, the large separation introduces a significant coupling delay of 139 nanoseconds, approximately four and a half times the mechanical oscillation time period. We reveal multiple stable states of synchronized oscillations, enabled by delayed coupling, with distinct synchronization frequency in the coupled system. These states are accessed by tuning independently the directional coupling strengths. Our results demonstrate rich dynamics and could enable applications in reconfigurable radio-frequency networks and novel computing concepts. [10, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . So far these demonstrations of synchronization are only achieved on nanomechanical oscillators separated by a short distance due to restrictions imposed by their coupling mechanism. Mechanical coupling [12] , optical evanescent coupling [13, 17] and coupling through a common optical cavity [18] mode are restricted to small separations of micrometers due to high loss and low efficiency coupling at long distances. Therefore a major challenge in realizing a synchronized network of nanomechanical oscillators is to be able to mutually couple them at a long distance, many orders of magnitude greater than the size of each oscillator, in a controllable fashion.
Synchronization is of fundamental importance in natural systems such as neuronal networks [1, 2], chemical reactions [3] and biochemical systems [4] [5] [6] [7] . Synchronization in micro-and nanomechanical oscillators promises applications in communication [8] , signalprocessing [9] and novel complex networks [10, 11] . Synchronizing nanoscale mechanical oscillators have recently been achieved on various platforms including nanoelectromechanical systems and optomechanical systems [10, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . So far these demonstrations of synchronization are only achieved on nanomechanical oscillators separated by a short distance due to restrictions imposed by their coupling mechanism. Mechanical coupling [12] , optical evanescent coupling [13, 17] and coupling through a common optical cavity [18] mode are restricted to small separations of micrometers due to high loss and low efficiency coupling at long distances. Therefore a major challenge in realizing a synchronized network of nanomechanical oscillators is to be able to mutually couple them at a long distance, many orders of magnitude greater than the size of each oscillator, in a controllable fashion.
In this paper, we demonstrate mutual synchronization of two nanomechanical oscillators separated by effectively 28.5 m using light guided through optical fibers that introduce minimal loss over a long-distance. The separation between the two oscillators is six orders of magnitude larger than the individual oscillating cantilevers, which themselves are only microns long. Such long separation introduces significant time-delay in the coupling that is approximately 4.5 times of the oscillation time period of each individual oscillator. We show that with the presence of this significant separation and time-delay, the two nanomechanical oscillators can still synchronize and display a multitude of stable states of synchronized oscillations that are unique in time-delayed systems [4, 5, 11, [22] [23] [24] . In contrast to synchroniza-tion in systems that have similar bidirectional coupling strengths [13, [17] [18] [19] [20] , we demonstrate independent tuning of the coupling strength in each direction and show the emergence of new synchronization frequencies.
Each oscillator used in the experiment has a double microdisk structure (Fig. 1 ) that supports coupled optical and mechanical resonances, and is driven into selfsustained, free running oscillations with an external laser. The double microdisk structure is composed of two vertically stacked suspended microdisks with a spacer between them ( Fig. 1(a) ). The top and bottom disks are made of low-pressure chemical vapor deposition (LPCVD) grown silicon nitride (Si 3 N 4 ), and are 250 nm and 220 nm thick respectively. The spacer is made of 170 nm thick plasmaenhanced CVD grown silicon dioxide (SiO 2 ). This stack rests on a 4 µm thick substrate of thermally grown SiO 2 . These thin films are patterned into disks with a 20 µm radius using electron-beam lithography and inductively coupled reactive ion etching. The SiO 2 layers are partially etched away with buffered hydrofluoric acid to release the periphery of the disks ( Fig. 1(b) ). The resulting structure supports a high-quality-factor whispering gallery optical mode that is coupled to the antisymmetric mechanical vibration mode of the two freestanding edges ( Fig. 1(a) ). The coupling strength between the optical and mechanical degrees of freedom is characterized by the optomechanical coupling constant G om = -2π × 45 GHz/nm, as deduced from finite element simulations [13] .
The two oscillators are coupled by using the radiofrequency (RF) oscillations of one oscillator to modulate the optical drive of the other oscillator. Each optomechanical oscillator (OMO) can be modeled as a mechanical oscillator (Eq. 1) with natural frequency Ω i and damping rate Γ i . The oscillators are driven into spontaneous self-sustained oscillations by two independent continuous wave (cw) lasers. When the optical coupling is off, each oscillator vibrates close to its natural frequency and produces an intensity modulation on its respective cw pump laser. Due to the nature of the self-feedback process of optomechanical oscillators, the phase of the oscillations is completely free. When the optical coupling is on, the drive laser intensity of one OMO is modulated by the mechanical displacement signal of the other OMO x j (t − T ) (and vice-versa) after a propagation delay of T and a coupling-constant γ ij . This coupling ultimately leads to the synchronization between the two OMOs. The governing equation of each OMO i is expressed as
where f (x j (t− T ) is a normalized forcing function that transduces the delayed modulation from the other OMO j [25] .
We achieve long-range mutual coupling of two OMsupplemOs, with individual mechanical oscillation frequencies of 32.90 MHz and 32.97 MHz, over an effective distance of 28.5 m (delay T = 139 ns) via low loss optical fibers (Fig. 2) . The RF oscillations of OMO 1 (Fig. 2 ) are carried by light over the optical fiber, and converted to an electrical signal using a high-speed photodetector. This electrical signal modulates the power of the laser driving OMO 2 using an electro-optic modulator, EOM 2, thereby coupling OMO 1 to OMO 2. Similarly, OMO 2 couples to OMO 1 via EOM 1.
The EOMs enable independent control of the directional coupling strengths. The optical coupling strengths are controlled with variable-gain RF amplifiers (VGA 1,2), that can provide an arbitrary gain between -26 dB and +35 dB. The coupling strengths κ ij ,(i, j = 1, 2) are defined as κ ij = H in,i /H osc,j , where H osc,j is the oscillation power of OMO j, and H in,i is the power of the signal from OMO i imparted on the laser via EOM j driving OMO j. It can be shown that κ ij is proportional to γ ij from Eq. 1 (see Supplemental Material [26]). As depicted in Fig. 2 , κ 12 is controlled by VGA 1 and κ 21 is controlled by VGA 2. We also introduce a third VGA to control the overall coupling strength while keeping the ratio κ 12 /κ 21 is fixed (not shown in schematic in Fig. 2) .
We demonstrate the onset of long-range synchronization of the two oscillators, as they transition from oscillating independently as we increase the coupling strength. When the oscillators are weakly coupled (small values of κ ij ), they oscillate at their individual frequencies (Fig. 3) . As the coupling strength is increased, we observe frequency-pulling [16, 27] i.e. the frequencies of the two oscillators are pulled towards each other while they still oscillate independently, prior to the onset of synchronized oscillations. As the coupling strength is increased beyond a threshold value, (κ 12 , κ 21 ) = (−10.5 dB, −4.1 dB) and (−12.1 dB, 1.5 dB) as shown in Fig. 3(a) and Fig. 3(b) respectively, the two oscillators spontaneously begin to oscillate in synchrony, as indicated by the emergence of a single RF tone in the transmitted optical power spectrum.
We show that the frequency of long-range synchronization can be controllably changed by changing the overall coupling strength. The optical propagation time between the two oscillators imposes a significant delay (relative to the oscillation time period) in the coupling dynamics. Several theoretical studies [22] [23] [24] [28] [29] [30] [31] [32] [33] and a few experimental works [4, 5, 11, 34] on delay-coupled oscillators show that multiple frequencies of stable synchronized oscillations can be possible in such systems. This is because multiple stable oscillation states are possible with a single value of delay. Intuitively, the multiplicity can be seen as arising from the interactions between the (multiple) resonances of the coupling feedback loop and the oscillators [24, 31] . Indeed, these OMOs exhibit multiple stable states in which they oscillate synchronously (Fig.  3) , as opposed to just a single stable synchronized state seen in systems without delay [13, [17] [18] [19] [20] . As shown in Fig. 3(a) , for a fixed ratio of the two-way coupling (κ 12 /κ 21 = 6.3 dB), the two oscillators change from a synchronized (κ 21 = −10.5 dB) state at 32.93 MHz to a second synchronized state at 32.94 MHz when the overall coupling strength is increased by ∼ 4dB (κ 21 = −6.5 dB).
We show that the discrete frequencies of synchronization can be accessed by varying the relative directional coupling strength κ 12 and κ 21 individually [35] . Fig. 3(b) shows an extra frequency accessible for the same range of values for κ 21 when the coupling strength ratio is tuned to κ 12 /κ 21 = 13.63 dB. We choose a few coupling strength ratios and show a ladder of accessible synchronized frequencies in Fig. 4 with various two-way coupling ratios.
The discrete points in Fig. 4 represent the frequency of the synchronized states for different values of the ratio κ 12 /κ 21 and they are plotted versus the value of κ 21 at which they occur. The value of the synchronized frequency Ω sn is normalized to the frequency difference of the two oscillators Ω 1 and Ω 2 . For a very small value of the ratio κ 12 /κ 21 i.e. when OMO 2 dominates the interaction between the two oscillators, the two OMOs synchronize at Ω sn = Ω 2 . This is similar to master-slave locking [25] , where the coupling is unidirectional from one oscillator to the other. In a more evenly coupled scenario, with κ 12 /κ 21 = 6.3, the first onset of synchronization is at Ω sn = 0.65 , close to their average frequencies. The synchronised oscillations then transition to Ω sn = 0.85 at a stronger overall coupling strength. With intermediate coupling ratios of κ 12 /κ 21 =11.9 and 13.6 dB (purple and red), a new synchronization frequency occurs at Ω sn = 0.4 which is inaccessible in the scenario with κ 12 /κ 21 = 6.3. Further changes in the coupling ratio could lead to synchronized states with frequencies that span the entire range between the two natural frequencies in discrete steps. , as obtained by varying κ21, with different values of the ratio κ12/κ21. It can be seen that, for the values of κ21 and κ12 used in this demonstration, Ωsn takes a value in one of four discrete clusters. As we show in Fig. 3(a) (corresponding to blue squares) and Fig. 3(b) (corresponding to red triangles), oscillation states which are not available for one particular ratio of directional coupling constants can be accessed by changing varying the value of κ12/κ21.
Our demonstration of long-range, controllable and multi-stable synchronization between delay-coupled OMOs paves a way towards practical implementation of scalable networks of distributed nanomechanical oscillators. Independent control of the directional coupling strength enables us to choose from multiple possible synchronization states with different oscillation frequencies. Such networks could enable applications of OMOs in distributed, reconfigurable communication networks and novel memory concepts [8, 10] . Delayed-coupling also manifests itself in biological systems [4, 5, 7, 36] , particularly neuronal networks. Delay-coupled OMOs can potentially serve as a platform to implement various schemes of neuromorphic information processing and computation [10, 37, 38] .
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Half of the RF oscillation signal is tapped off at each of the photodetector for analysing with an RF spectrum analyser. Since the instrument we use only has a single input channel, we analyse and record the spectrum of each oscillator independently. Therefore, each voltage scan (as described in the previous paragraph) is performed twice, first to record the output of Splitter 1 and then to record the output of Splitter 2. The two spectra are then mathematically added using numerical software to yield a combined RF spectrum for the two OMOs. The output voltage of the voltage sources drifts over time. This is minimised by monitoring and compensating manually as needed.
We have seen earlier [1] that the response of an OMO to an externally injected periodic signal is highly asymmetric with respect to the detuning between the OMO and the external signal. Therefore, an OMO is more susceptible to locking by an external signal if that signal has a higher frequency than if it has a lower freuquency. This means that, in order to observe synchronisation dynamics, it is not enough to have equal values of gain (and thereby κ 21
and κ 12 ). and VGA2, is used to differentiate between κ 21 and κ 12 . The gain of VGA3 is kept fixed throughout the voltage-scan described above.
MATHEMATICAL MODEL FOR DELAYED COUPLING
Each OMO can be modelled as a pair of parametrically coupled optical (Eq. S1) and mechanical (Eq. S2) resonators, where a is the electric field strength in the optical resonator, such that |a| 2 is the energy stored in the cavity, ∆ 0 is the detuning between the laser frequency and the resonance frequency of the optical cavity ω, Γ opt is the optical decay rate, Γ ext is the rate at which laser power |s| 2 is coupled into the optical cavity from the tapered fiber, G om is the optomechanical coupling coefficient and m ef f is the effective mass of the mechanical resonator. The rest of the parameters are described in the main text.
For the OMOs that we used in this demonstration of synchronisation, the optical decay rate Γ opt is much larger than the mechanical frequency Ω m , and Eqs. S1, S2 can be approximated by a single equation Eq. S3, where τ is the response time of the optical cavity.
The laser power |s| 2 driving one OMO is modulated, via an electro-optic modulator, by the RF oscillation signal of the other OMO, P trans (Eq. S4) ([1], Supplementary) . Here,
represents the strength of modulation due to P trans .
P trans is the RF oscillation power of the OMO, that modulates the laser power |s| 2 . It can be shown that P trans (t) ∝ x trans (t) (Eq. S7), for small enough x trans . Substituting this in Eq. S4, and combining it with S3, assuming that P trans is delayed by T, we get Eq. S5, which describes the delayed coupling between the two OMOs.
Eq. S1 represents the optical field circulating within the optical cavity of the OMO. The power exiting the cavity can be described by |s out | 2 = |s − √ 2Γ ex a| 2 [2]. By combining the transimpedance gain of the photodetector and the input gain of the RF spectrum analyzer into the term D g , the power detected at the spectrum analyzer can be written as, for OMO j,
Assuming x j oscillates at the frequency Ω j i.e. x = x 0 cos(Ω j t), P j can be approximated in terms of its spectral components, i.e. as a Fourier series Eq. S7, where D g |s| 2 (P 0,j , P 1,j , P 2,j , ...) are the power-spectral-density (PSD) values of P j at the frequencies (0, Ω j , 2Ω j , ...). Harmonics are introduced because of the non-linear transduction between x j and P j .
P j = D g |s 0,j | 2 (P 0,j + P 1,j cos(Ω j t) + P 2,j cos(2Ω j t) + ...)
The parameter H osc,j from the main text can, therefore, be written as H osc,j = D g,j |s 0,j | 2 P 1,j . This value is directly read off the spectrum analyzer.
Similarly, when P j is modulated by the signal coming from oscillator i via EOM j, we have, from Eqs. S4 and S7, P j = D g |s 0,j | 2 (1 + Γ 2 P i,inj ) (P 0,j + P 1,j cos(Ω j t) + P 2,j cos(2Ω j t) + ...)
Here, P i,inj ∝ (P 1,i cos(Ω i t) + P 2,i cos(2Ω i t) + ...), because we block the DC portion of the signal before it arrives at the modulator. This proportionality constant can be absorbed in Γ. Therefore, H inj,i = D g,j |s j | 2 P 0,j P 1,i Γ 2
. Therefore, considering P 1,i ∝ x i κ ij = H in,j H osc.j = Γ 2 P 1,i P 1,j /P 0,j
Comparing S5 and S9, it can be easily seen that κ ij ∝ γ ij .
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